FROM HYPERCOMPLEX TO HOLOMORPHIC SYMPLECTIC STRUCTURES 

WEI HONG AND MATHIEU STIENON 



Abstract. The notions of holomorphic symplcctic structures and hypcrcomplex structures on 
Courant algcbroids are introduced and then proved to be equivalent. These generalize hypercomplcx 
triples and holomorphic symplcctic 2-forms on manifolds respectively. Basic properties of such 
structures are established. 
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1. Introduction 

This paper is an extension of [16]. Here, we make the case that, when seen in the framework of 
Courant algebroids, hypercomplex structures and holomorphic symplectic structures are one and 
the same concept. 

A hypercomplex manifold is a smooth manifold M endowed with three complex structures i, j, 
k (regarded as endomorphisms of the tangent bundle of M) that satisfy the quaternionic relations 
i 2 = j 2 = k 2 = ijk = — 1. A characteristic feature of hypercomplex manifolds discovered by 
Obata early on is the existence of a unique torsion-free connection V that satisfies Vi = Vj = 
VA; = [13]. Hypercomplex manifolds have been the subject of much attention in the past. 
Noteworthy are the constructions of left-invariant hypercomplex structures on compact Lie groups 
and homogeneous spaces due to Spindel, Sevrin, Troos & Van Proeyen (in 1988) and also to Joyce 
(in 1992). Moreover, important examples of hypercomplex manifolds arose in mathematical physics 
in the form of hyper-Kahler manifoldsQ 

A holomorphic symplectic manifold is a complex manifold (M;j) endowed with a closed non- 
degenerate holomorphic 2-form u. Hyper-Kahler manifolds, which carry three symplectic 2-forms 



1 Hyper-Kahler manifolds are hypercomplex manifolds (M;i,j, k) endowed with a Riemannian metric g with 
respect to which i, j, and k are covariantly constant and mutually orthogonal. 
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each of which is holomorphic with respect to one of the three complex structures, constitute again 
a special subclass. 

The generalized complex geometry introduced in the last decade by Hitchin [8] and Gualtieri [5] 
provides the motivation for attempting to unify hypercomplex and holomorphic symplectic struc- 
tures. A generalized complex structure on a manifold M is an endomorphism J of the vector bun- 
dle TM © T*M, orthogonal with respect to a natural symmetric pairing, and satisfying J 2 = — 1 
and jV(J, J) = 0, where M denotes the Nijenhuis concomitant of a pair of endomorphisms of the 
Courant algebroid TM @T* M . A generalized complex structure on a manifold M can thus be seen 
as a complex structure on the corresponding (standard) Courant algebroid TM ®T*M. Complex 
structures have been defined on arbitrary Courant algebroids in a similar fashion [Til EH] • 

Three new concepts are introduced in the present paper. They generalize hypercomplex man- 
ifolds, the Obata connection, and holomorphic symplectic 2-forms to the realm of Courant alge- 
broids: 

(1) A hypercomplex structure on a Courant algebroid E is defined as a triple of complex struc- 
tures /, J, K on E satisfying the quaternionic relations I 2 = J 2 = K 2 = UK = — 1. 
Hypercomplex manifolds, holomorphic symplectic 2-forms, and hyper-Poisson manifolds 
provide particular examples. The notion of hyper-Poisson structure, also introduced in 
this paper, can be seen as a degenerate analogue of hyper-Kahler structures. 

(2) The analogue of the Obata connection for a Courant algebroid E endowed with a hy- 
percomplex triple (I, J, K) is called a hypercomplex connection. Though a hypercomplex 
connection is not itself a connection in the usual sense, its restrictions to all Dirac subbun- 
dles of E stable under /, J, K are torsion-free (Lie algebroid) connections. 

(3) A holomorphic symplectic structure on a Courant algebroid E relative to a complex structure 

J on E is a section Q of A 2 Lj such that Q^Q = — id Lj ('nondegeneracy') and d^VL = 
('closedness'). Here Lj and L} denote the eigenbundles of J. Given a complex manifold 
(M; j), let J — (q •*) be the corresponding complex structure on the standard Courant 
algebroid TM © T*M. The holomorphic symplectic structures on (TM © T*M; J) are 
instances of extended Poisson structures in the sense of [3]. 

We prove the following three theorems: 

(1) A Courant algebroid endowed with a hypercomplex structure admits a unique hypercom- 
plex connection (see Theorems 13. 131 and 13. 14j) . 

(2) There exists a one-to-one correspondence between the hypercomplex structures and the 
holomorphic symplectic structures on a Courant algebroid (see Theorem 14. 6p . 

(3) Given a holomorphic symplectic structure fiona Courant algebroid E relative to a com- 
plex structure J on E with eigenbundles Lj and L*j, the restriction of the hypercomplex 
connection on E to any Lie subalgebroid of L*j maximal isotropic with respect to Q is a 
flat torsion-free (Lie algebroid) connection (see Theorem 15. 5p . 

Finally, given a complex Lagrangian foliation of a complex manifold (M; j) endowed with a 
holomorphic symplectic 2-form oj, we apply the third result above to the special case in which 
E = TM © T*M, J = (q ■»), and f2 = uj + cJ" 1 , and thereby recover a connection on the 
Lagrangian foliation, as discovered by Behrend & Fantechi [2]. 

2. Complex structures on Courant algebroids 

A Courant algebroid (see [TTJ [T3]) consists of a vector bundle tc : E — >■ M, a nondegenerate 
symmetric pairing (, ) on the fibers of ir, a bundle map p : E — > TM called the anchor, and 
an M-bilinear operation o on T(E) called the Dorfman bracket, which, for all / G C°°(M) and 
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x,y, z G Y(E), satisfy the relations 

X o (y o z) = (x o y) o z + y o (x o z) , 
p(xoy) = [p(x),p{y)}, 

x° fy = (p(x)f)y + f(x o y), 
xoy + yox = 2V(x, y), 
Vfox = 0, 
P(x)(y,z) = (xoy, z) + (y,xo z), 

where T> : G°°(M) — y Y(E) is the M-linear map defined by (T>f, x) = ^p(x)f. 

There is a canonical isomorphism E —y E* given by ^(ei) : *-y (ei, for any ei, e2 G F and 

an induced isomorphism A fc F A k E*. Sometimes, we will implicitly identify A k E and A k E* in 
this paper. 

T. Courant described the following standard example in [I]. Given a smooth manifold M, the 
vector bundle TM © T*M — y M carries a natural Courant algebroid structure: the anchor map 
is the projection onto the tangent component, whereas the pairing and the Dorfman bracket are 
respectively given by 

(X + ^Y + V ) = ^(Y)+ V (X)) 
and (X + £)o(Y + V ) = [X, Y] + (L xV - i Y d£), 

for all X, Y G X(M) and £, 77 G ^(M). 

Let (E,p, (,),°) be a Courant algebroid. Given two endomorphisms F and G of the vector 
bundle E, their Nijenhuis concomitant Af(F, G) : Y(E) ®r r(F) — y Y(E) is defined as 

Af(F, G)(U, V) =FU oGV- F(U o GV) - G(FU oV) + FG(U o V) 

+ GU o FV - G(U o FV) - F(GU o V) + GF(U o V), 

where U, V G r(F) (see [IS])- Obviously, jV(F, G) = Af(G, F). In addition, we define an M-trilinear 
map Mf,g ■ Y{E) ® R Y{E) ® M Y{E) -)• G°°(M) by 

JV>, G (17, V, IV) = (N(F, G)(f/, v), w). 

Remark 2.1. It is easy to verify that W(F, G)(U, fV) = fAf(F, G)(U, V) for all / G G°°(M). But 
usually W(F, G)(/E/, V) ^ G)(f/, V); therefore, JV(F, G) is not necessarily a tensor. 

Lemma 2.2. Let (F, p, (,),°) fre a Courant algebroid. If F,G are two skew- symmetric endomor- 
phisms of the vector bundle E such that 

FG + GF = Aid s , (A G E), (2.1) 

thenM FyG G r(A 3 F*). 

Proof. For all U,V,W <E Y(E), we have 

M(F,G){U,V)+N-{F,G){V,U) 
=2V(FU, GV) - 2FV(U, GV) - 2GV(FU, V) + 2FGV(U, V) 

+ 2D(Gf/, FV) - 2GV(U, FV) - 2FV(GU, V) + 2GFV(U, V) 
= - 2V((FG + GF)U, V) + 2(FG + GF)V(U, V) 
= - 2V(XU, V) + 2XV(U, V) 
=0. 



4 WEI HONG AND MATHIEU STIENON 

Similarly, by a straightforward computation, we prove that 

(Af(F, G)(U, V),W} + (A/"(F, G)(U, W),V) — 0. 

This completes the proof. □ 

Remark 2.3. In the case F = G, Lemma [2.21 was proved by Kosmann-Schwarzbach in 

Lemma 2.4. Let (E,p, (, ), o) be a Courant algebroid over a manifold M, F be a skew-symmetric 
endomorphism of the vector bundle E, and ir F G T(A 2 TM) be the bivector field defined by 

n F {df,dg) = {FVf,Vg) (2.2) 

for all f,ge C°°(M). Set {f,g} = ix F {df,dg) = (FVf,Vg). Then 

{{/, g},h} + {{g, h},f} + {{h, /}, g} = -^ FjF (Vf, Vg, Vh), 
which shows that n F is a Poisson bivector field on M if M{F, F) = 0. 
Proof. For all /, g, h e C°° (M) , we have 

{{f,g},h} = (FV(FVf,Vg),Vh) 

=(^F(FT>f oVg + Vgo FVf),Vh) = \{F{FVf o Vg),Vh); 

{{g,h}, /} = (FV(FVg,Vh),Vf) = (V(FVg,Vh),-FVf) 
= - ^p(FVf)(FVg,Vh) = ~(FVfoFVg,Vh) - ~ (FVg, FVf o Vh) ; 

{{h,f},g} = (FV(FVh,Vf),Vg)= (V(Vh,FVf),FVg) 
= ^(£>/i o FVf + FVf o Vh, FVg) = ^(FVg, FVf o Vh). 

Therefore, 

{{/, 9},h} + {{g, h},f} + {{h, f},g}= l -{F{FVf o Vg),Vh) - ±{FVf o FVg, Vh). 

On the other hand, 

N F , F (Vf,Vg,Vh) = (Af(F,F)(Vf,Vg),Vh) 
= (2FVf o FVg - 2F(FVf o Vg) - 2F(Vf o FVg) - 2F 2 (Vf o Vg),Vh) 
= (2FVf o FVg - 2F(FVf o Vg),Vh). 

This completes the proof. □ 

Definition 2.5. An almost complex structure on a Courant algebroid (E, p, (,),o) is an endo- 
morphism J of the vector bundle E (i.e. a vector bundle map over idM : M — > M), which is an 
orthogonal transformation with respect to the pairing (, ) and satisfies J 2 = —1. 

Let J be an almost complex structure on a Courant algebroid E, and let Lj (resp. Lj) be the 
subbundle of E c = E £g> C associated with the eigenvalue % = y—l (resp. —i = —y/—\) of J. Then 
L j and Lj are maximal isotropic subbundles of Ec, such that Ec = Lj © Lj. 

The nondegenerate symmetric pairing (, ) identifies Lj to L*j in a canonical way. We will, 
therefore, use the symbols Lj and L*j interchangeably in this paper. 
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Definition 2.6 ([8]). A complex structure on a Courant algebroid is an almost complex structure 
J whose Nijenhuis concomitant Af(J, J) vanishes — J is said to be integrable. 

It is easy to see that an almost complex structure J is integrable if and only if Lj is involutive, 
i.e. r(Lj) is closed under the Dorfman bracket. The following result is an immediate consequence 
of Lemma [~ 



Corollary 2.7 ([6j[T]). If J is a complex structure on a Courant algebroid over a smooth manifold 
M, then nj is a Poisson bivector field on M. 

It is known that the pair of eigenbundles (Lj,L*j) of a complex structure J on a Courant 
algebroid forms a Lie bialgebroid in the sense of Mackenzie & Xu [12] . The exterior differentials 

d Lj : T(A fc L}) T(A fc+1 L}) and d L * : T(A k Lj) T(A k+1 Lj) 

respectively associated with the Lie algebroids Lj and L} satisfy dP Lj — and d 2 L * = 0. 

Example 2.8 Q5J). Let j be an almost complex structure on M, and let E$ = (TM © T*M)<^ be 
the standard Courant algebroid twisted by a closed 3- form (ft e Q 3 (M) (see [IS]). Then 



J 



3 

-f 



is a complex structure on = (TM © T*M)0 if and only if j is a complex structure on M, and 
<f) G Q 2,1 (M) © f2 1,2 (M), where Q p,q (M) denotes the space of exterior differential forms of type 
(p, q) relatively to the complex structure j. These conditions hold when M is a complex surface 
and is any closed 3-form on M. 

Lemma 2.9 ([ID])- If n i ^ s a bivector field on a smooth manifold M and j is an endomorphism 
of the tangent bundle of M , then 

,0 —f 

is a complex structure on the standard Courant algebroid E = TM © T*M if and only if j is a 
complex structure on M and 7Ti + \J —I112, with tv 2 defined by t\ = —jir\ = —t\]*, is a holomorphic 
Poisson structure with respect to j . 



J 



3. HYPERCOMPLEX STRUCTURES ON COURANT ALGEBROIDS 
3.1. Hypercomplex structure. 

Definition 3.1. An almost hypercomplex structure on a Courant algebroid (E, p, (, ), o) is a triple 
(J, J, K) of almost complex structures on E satisfying the quaternionic relations 

I 2 = J 2 = K 2 = UK = -1. 

This definition has a few immediate consequences. From J 2 = — 1, it follows that |(1 — iJ) is 
the projection of i?©C = Lj@L*j onto Lj, whereas ~(l + iJ) is the projection onto L}. Moreover, 
the endomorphisms /, J, and K anticommute. Therefore, both / and K swap the subbundles Lj 
and L*j, whereas J preserves them. Finally, the relations 

/ l + A / l + iJ \ _ / I + iK \ / ! + 7 \ 

n - 1 \ n + iK \ _ n + u \ / i — 1 \ 
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imply the inclusions 

^) L} C L* K and (^) L* K C L}. 
Since (^"J ( = W6 °^^ a ^ n a P a * r °^ i nverse isomorphisms: 

L} and L} ^ L^. 

Remark 3.2. Given an almost hypercomplex structure (/, J, X) on a Courant algebroid £7, it is 
easy to see that Af(I, I), Af(I, J), K), Af(J, J), Af(J, K), and Af(K, K) are (2, l)-tensors, i.e. 
vector bundle maps E ® E — > E over idjvf- We can, therefore, regard Afij, ftfi,j, Afi,K, A/j,j, Nj,k, 
and Nk,k as sections of E* ® E* ® E* . 

Lemma 12.21 implies 

Lemma 3.3. // (/, J, K) is an almost hypercomplex structure on a Courant algebroid E, then 
Mi,i,Ni,j,Ni,k,Nj,j,Nj,k,Nk,k e T(A 3 E*). 

Definition 3.4. A hypercomplex structure on a Courant algebroid is an almost hypercomplex 
structure (I, J, K) such that the Nijenhuis tensors Af(I, I), Af(I, J), Af(I, K), Af(J, J), J\f(J, K), 
and M{K, K) vanish. 

Proposition 3.5. If(I,J,K) is a hypercomplex structure on a Courant algebroid (E, p, (, ), o) ; 
then Xil + A2 J + X3K is a complex structure on E for any Ai, A2, A3 G M with Xf + X^ + X^ — l. 

Corollary 3.6. Ifnj, nj, are the bivector fields associated with a hypercomplex structure (I, J, K) 
on a Courant algebroid as in Lemma \2.4\ then 

[7^,7^1=0, Va,/?G {I,J,K}. 

Proof. For any Ai,A2,A3 G IR satisfying Af + A| + A§ = 1, XiHi + X2HJ + X%hk is the Poisson 
structure associated with the complex structure X\I + X2J + X3K on E, from which the corollary 
immediately follows. □ 

Example 3.7. The quaternion algebra H can be regarded as a Courant algebroid over the one 
point space with the commutator as bracket and {1, i, j, k} as an orthonormal basis. If /, J, and K 
denote the multiplication by i, j, and k from the left respectively, then (J, J, K) is a hypercomplex 
structure on the Courant algebroid (H, (, ), [, ]). 

Example 3.8. Let and k be almost complex structures on a smooth manifold M. Then the 
triple 

i \ fj oA (k 

-i*J ' \0 -fj ' \0 — k" 

is a hypercomplex structure on TM © T*M if and only if the triple i,j, k is hypercomplex in the 
classical sense (see [13] or [18]). 



Example 3.9. Let j be a complex structure on a smooth manifold M, and let a>i and 0J2 be two 
nondegenerate 2-forms on M. The triple 

fj OA / uv 

- Wl ; ' \0 -j*J ' ^-o; 2 

is a hypercomplex structure on TM ®T* M if and only if uj\ — y/—lu>2 is a holomorphic symplectic 
2-form on M. We will discuss this case in more detail in Example 14.161 
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Example 3.10. Let k) be a hypercomplex structure on a four-dimensional manifold M, and 
let 4> be a closed 3-form on M. Then 

-C-y. -Co-°,-). ^6-9 

is a hypercomplex structure on the twisted Courant algebroid = (TM © T*M)^. 

3.2. Hypercomplex connection. Let us recall a classical result pertaining to hypercomplex 
manifolds. 

Theorem 3.11 (Obata connection [131 HE]). (1) Let M be a manifold endowed with a hyper- 
complex structure (i,j,k). There exists a unique torsion-free connection V on M such 
that 

Vz = Vj = Vk = 0, 
which is given by the expression 

V X Y = -h([jY, iX] - j% iX] - i\jY, X] + ji[Y, X]), VX, Y G X(M). 

(2) Conversely, given an almost hypercomplex structure (i,j, k) on M , if there exists a torsion- 
free connection V on M such that Vz = Vj = VA; = 0, then (i,j, k) must be a hypercomplex 
structure on M. 

We will generalize this result to hypercomplex structures on Courant algebroids. Let (/, J, K) be 
an almost hypercomplex structure on a Courant algebroid E. For all / G C°°(M) and f/,1/6 T(.E'), 
set 

A f (U, V) = (U, V)Vf + (IU, V)IVf + (JU, V)JVf + (KU, V)KVf. (3.1) 
It is simple to check that 

A f (UJV) = IA f (U,V), 
A f {U,JV) = JA f (U,V), 
A f (U,KV) = KA f (U,V), 

and 

A f (U,V) + A f (V,U) = 2(U,V)Vf. 

Definition 3.12. A hypercomplex connection on a Courant algebroid (E,p, (,),°) endowed with 
an almost hypercomplex structure (/, J, K) is an R-bilinear map 

r(£)®r(£)->r(£7), (u,v)^VuV 

such that 

VfuV = fVuV (3.2) 

and 

Vu(fV) = (p(U)f)V + f(VuV) - A f (U, V), (3.3) 
for all / G C°°(M) and U, V G T(E). Its torsion is given by 

T V (L/, V) = VuV - V V U - p, Vj (3.4) 

and its curvature by 

FF(U, V)W = VuV v W - V V V V W - VpyjW (3.5) 
for all U,V,W e T(E), where \U, Vj = \{U o V - V o U). 
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Theorem 3.13 ([IS]). Let (I, I, K) be a hypercomplex structure on a Courant algebroid (E, p, (, ), o). 

There exists a unique hypercomplex connection V that satisfies 

V/ = VJ = VK = 0, (3.6) 

and 

T v ([7, V) = IV (U, IV) + JV(U, IV) + KV(U, KV), W, V G T{E). (3.7) 

It is given by 

VuV=--K(JVoIU-J{VoIU)-I(JVoU) + JI(VoU)), WU,VeT(E). (3.8) 

The main result of this section is the following theorem. 

Theorem 3.14 ([16]). Let (I,I,K) be an almost hypercomplex structure on a Courant algebroid 
(E, p, (,}, o). The following assertions are equivalent: 

(1) A/-(/,J) = 0; 

(2) Af(I,I)=Af(I,I) = 0; 

(3) The triple (I, I, K) is a hypercomplex structure: all six Nijenhuis tensors Af(I, I), I), 

K), Af(I, I), M(I, K), and Af(K, K) vanish. 

(4) There exists a unique hypercomplex connection V that satisfies 

V/ = VJ = VK = 0, (3.9) 

and, for all U, V G T(E), 

T V (U, V) = W(U, IV) + JV(U, IV) + KV{U, KV). (3.10) 

As an application of Theorem 13.141 for Example 13.91 we have the following corollary. 

Corollary 3.15. Let u\ and 002 be two nondegenerate forms on a manifold M endowed with an 
almost complex structure j such that uj\ = j*u{ = u\j. Then any one of the following assertions 
is a consequence of the other two: 

(1) dbj x = 0, 

(2) du 2 = 0, 

(3) j is integrable. 

From this corollary, we immediately obtain the following standard result as given by Hitchin: 

Lemma 3.16 Q7J). Let g be a Riemannian metric on a smooth manifold with skew-adjoint en- 
domorphisms i,j, and k of the tangent bundle satisfying the quaternionic conditions. Then g is 
hyper-Kahler if and only if the corresponding 2-forms Ui,u 2 , 003 are closed. (The 2-forms u)i,L)2, ^3 
are related to the endomorphisms i,j, k by lo\ = o i, cuf = g$ o j, col = 9^ k-) 

The isotropic, involutive subbundles of a Courant algebroid are necessarily Lie algebroids. Those 
of maximal rank are called Dirac structures. 

Let L be a Lie algebroid with anchor p and let V be a vector bundle both over the same smooth 
manifold M. An L-connection on V is a bilinear map V : T(L) x r(V) > T(V) that satisfies 

Vxfv = fV x v + (p(X)f)v, 

for all X G T(L), v G T(V) and / G C°°(M). 

The following lemma is a direct consequence of Theorem 13. 141 and Equations (13.11) and (13. 2p . 

Lemma 3.17. Let V denote the hypercomplex connection defined by Equation (I3.8p on a Courant 
algebroid (E,p, (,),°) endowed with a hypercomplex triple (I, I, K). If L is an isotropic, involutive 
subbundle of E stable under I, I, and K, then V induces a torsion-free L-connection on L. 
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Example 3.18. Let (M;i,j,k) be a hypercomplex manifold; let (I,J,K) be the corresponding 
hyper complex structure on the standard Courant algebroid TM © T*M as in Example 13. 8j and 
let J 7 = TS be the integrable distribution corresponding to a foliation S. The Dirac subbundle 
L = J 7 © T is stable under /, J, K if and only if J 7 is stable under k. In this situation, the 
hypercomplex connection V defined in Equation (13. 8p defines a torsion-free L-connection on L 
such that V/ = V J = VK = 0. If we take J 7 = TM, then we get the Obata connection. 

Example 3.19. Let (M,j,u) be a holomorphic symplectic manifold with the complex structure j 
and the holomorphic symplectic form u = uji — \f^\u)2, let /, J, K be the hypercomplex structure 
on the standard Courant algebroid TM®T*M as in Example 13. 9( and let J 7 = TS be the integrable 
distribution of a foliation S. Then the Dirac subbundle L = J 77 © J 771 - is stable under /, J, K if 
and only if S is a complex Lagrangian foliation of (M;j,u). In this situation, the hypercomplex 
connection V defined in Equation (13 .8p defines a torsion-free L-connection on L that satisfies 
V/ = V J = = 0. Explicitly, VX, Y G r(J-"), the connection can be written as 

This torsion-free connection on TS appears in Behrend and Fantechi's work on the Donaldson- 
Thomas invariants [2]. We will return to it in Corollary 15.71 

3.3. Proofs of Theorems [37131 and 137141 

Proof of Theorem \3.13[ Let V : T(E) © r(i?) — > T(E) be the bilinear map as defined in Equa- 
tion (I3~kj) . 

(1) We will prove that VI = VJ = VK = 0. 

By the properties of Courant algebroid and almost hypercomplex conditions, we can verify that 
V is indeed a hypercomplex connection. 
Given that for all U G T(E),Y G T(Lj), 

VuY = -/ ! ^V ° IU - I(Y o U)) = - l -^I{Y o IU - I(Y o U)) G T(L J ), 

we have V V JY = iV v Y = JV V Y. Similarly, we have V V J£ = JV^, W G T(E),( G T(L}). 
Therefore, V J = 0. 

A simple computation shows that, for all U G T(i?), Y G T(Lj), 

IV V Y - VuIY 

= l l±l(Y oIU- I(Y o U)) + ^±i/(IY oIU- I(IY o [/)) 

=^W(/,/)(y,to = o. 

Hence, we have IV V Y = V V IY. Similarly, we have IVu£ = VuI^^U G T(E),£ G T(L}). 
Therefore, V/ = 0. 

As K = IJ, we have V V K = (VuI)J + IV u J = 0, V£7 G T(£). Thus, Vif = 0. 

(2) Next we will prove Equation (13.101) . We claim that if (/, J, K) is an almost hypercomplex 
structure on a Courant algebroid (E, p, (, ), o), then, for all U, V G r(£'), 



T v ([/, V) - -KJ\f(I, J)(U, V) = IV(U, IV) + /£>([/, JV) + (3.11) 
2 
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For all U, V G T(E), by the Courant algebroid properties and almost hypercomplex conditions, we 
have 

T V (U,V)-±KM{I,J){U,V) 

=v v v - v v u - p, vj - \kn{i, J)(U, V) 



- -K(JVoIU- 


J(V o IU) - 


I(JVoU) + JI(VoU)) 






+ 2 K ( JU °IV- 


J(U o IV) - 


I{JU oV) + JI(U o V)) - -(U o v - 


-VoU) 




- \k(iu oJV- 


I(U o JV) - 


J(IU o V) + JU o IV - J(U o IV) - 


I(JUo 


V)) 


- -K(JVoIU- 


J(V o IU) - 


I(JV o U) + IU o JV - I(U o JV) - 


J(IUo 


V)) 


- K(V(IU, JV) - 


- IV(U, JV) - 


-JV(IU,V)) 







=IV(U, IV) + JV(U, JV) + KV(U, KV). 

As M(I, J) = 0, Equation f[37TO|) thus follows. 

(3) We will now prove the uniqueness of the hypercomplex connection that satisfies Equa- 
tions (I3.9P and (13.101) . Assume there exist two hypercomplex connections V 1 and V 2 that satisfy 
Equations Q and fl3TT0|) . For all U,V G T(E), set E(U, V) = V\jV - V 2 V V. It follows from 
Equation (13.91) that 

E(U, IV) = IE(U, V), E(U, JV) = JE(U, V), E(U, KV) = KE(U, V), 

and from Equation (I3.10p that E(U, V) = E(V, U). Therefore, 

KE(U, U) = IJE(U, U) = IE(U, JU) = IE{JU, U) = E(JU, IU) 

=E(IU, JU) = JE(IU, U) = JE(U, IU) = JIE(U, U) = -KE(U, U). 

Hence, E(U, U) = for all U G T(E). Consequently, 

E(U, V) = l -(E(U + V,U + V)- E(U, U) - E(V, V)) = 

for all U, V G T(E). Thus, the uniqueness of the hypercomplex connection satisfying Equa- 
tions (13. 9p and ( 13 . 1 0[) is established. □ 

Theorem 13.141 follows from Theorem 13.131 and the next three lemmas. 

Lemma 3.20. let (I, J, K) be an almost hypercomplex structure on a Courant algebroid (E, p, (, ), o). 
Assume that there exists a hypercomplex connection V satisfying V/ = VJ = VK = and 
T V (U, V) = IV (U, IV) + JV(U, JV) + KV(U, KV) for all U, V G T(E). Then Af(I, J) = 0. 

Proof. Assume that there exists a hypercomplex connection V satisfying Equations ( 13. 9 j) and (13. 10p . 
Equation ( 13 . 1 0[) implies that 

U o V = V V V - V V U + V(U, V) - {IV (U, IV) + JV(U, JV) + KV(U, KV)) 

for all U, V G V{E). Therefore, 

IU oJV = V W JV - V JV IU + V(IU, JV) - (IV (IU, IJV) + JV{IU, JJV) + KV(IU, KJV)). 
Since V/ = VJ = 0, it follows that 

IU o JV = JV W V - IV JV U - V(U, KV) - IV(U, JV) - JV(U, IV) + KV(U, V). 



FROM HYPERCOMPLEX TO HOLOMORPHIC SYMPLECTIC STRUCTURES 11 

Similarly, we have 

JU o IV = IVjuV - JV IV U + V(U, KV) - W(U, JV) - JV(U, IV) - KV(U, V); 

UoJV = JV V V - V JV U + V(U, JV) - W(U, KV) + JV(U, V) + KV(U, IV); 

JUoV = VjuV - JV V U - V(U, JV) - IV(U, KV) - JV(U, V) + KV(U, IV); 

UoIV = IV V V - V IV U + V(U, IV) + W(U, V) + JV(U, KV) - KV(U, JV); 

IUoV = V W V - IV V U - V(U, IV) - W{U, V) + JV(U, KV) - KV(U, JV). 
A simple computation shows that 

M{I, J)(U, V) = IU o JV - I(U o JV) - J(IU o V) + JU o IV - J(U o IV) - I(JU o V) = 
for all U,V eT(E). Hence, J) = 0. □ 

Lemma 3.21. Let (I, J, K) be an almost hypercomplex structure on a Courant algebroid (E, p, (, ), o). 
IfN(I, J) = 0, then J\f(I, I) = Af(J, J) = 0. 

Proof. Since for all X, Y E T(Lj), 

J)(X, Y) = IX o JY - I(X o JY) - J (IX o Y) + JX o IY - J(X o IY) - I(JX o Y) 
={i - J)(IX o Y + X o IY) - 2iI(X o Y), 

we have X o Y = -^-I(IX o Y + X o IY) G T(Lj) from N(I, J) = 0. Thus, Lj is involutive, or 
equivalents J\f(J, J) = 0. Similarly, J\f(I, I) = 0. □ 

Lemma 3.22. Let (J, J, K) be an almost hypercomplex structure on a Courant algebroid (E, p,(,),o). 
If Af(I,I) = Af(J, J) = 0, then all six Nijenhuis tensors Af(I,I), N{I,J), N{I,K), Af(J,J), 
Af(J,K), and Af(K, K) vanish. 

Proof. First, we will prove Af(I,J) = and M{K,K) = by checking that J\f(I,J)(X,Y) = 
Af(I,J)(£, V ) = Af(I,J)(X,0 = and Af(K,K)(X,Y) = Af(K, K)(£,r]) = Af(K, K)(X, £) = 
for all X t YeT(Lj)^,T,eT(L}). 
Let 

P 1 (X, Y) = IX o IY — I^-(X o IY) - I l -^~{IX o Y), 

1 + i J . . 1 + iJ , 

P 2 (X, Y) = I^—{X o IY) + I—^—{IX oY) + XoY. 

Then we have Pi(X,Y) G T(L}) and P 2 {X,Y) G T(Lj), since I swaps Lj and L*j and since both 
Lj,L*j are involutive. A simple computation shows that |A/"(/, I)(X, Y) = Pi(X,Y) — P 2 (X,Y). 
Thus, we have P\(X, Y) = P 2 (X, Y) = 0. As a consequence, by a straightforward computation, we 
get 

AT(K, K)(X, Y) = -2P 1 (X, Y) - 2P 2 (X, Y) = 0, (3.12) 
Af(I, J)(X, Y) = -2iIP 2 (X, Y) = 0. (3.13) 

Similarly, 

AT(I, J)(C, v) = M(K, K)(£, rj) = 0. (3.14) 

Moreover, we have 

Af(I, J)(X, = (-i - J)(IX o£) + (i-J)(Xo 70 = 0. (3.15) 
Now Af(I, J) = follows from Equations (1513)1 . (1514) . and (I3l5|) . On the other hand, 

^(K, K)(X, = ^jV(7J, IJ)(X, = IX o 7C + ^7J(X o 70 - *7J(7X o C) - X o (. 
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As I swaps Lj and L}, and as both Lj, L*j are involutive, we have 

1 -n(k, k)(x, o = /xo/e- i(x o jf) - /(/x o e) - x o e = ^a/xi, = 0. (3.16) 

It follows from Equations 1ETI2]) . (jOijl and (jOBjl that A/"(K, IT) = 0. 

Similarly, yV(i\ AT) = 0, since 1) = M{K, K) = 0. And, jV(J, K) = 0, since Af(J, J) = 
Af(K, K) = 0. 

This completes the proof. □ 

4. HOLOMORPHIC SYMPLECTIC STRUCTURES ON COURANT ALGEBROIDS 

4.1. Holomorphic symplectic structure on an arbitrary Courant algebroid. Let (E, p,(,),o) 

be a Courant algebroid endowed with a complex structure J. The nondegenerate pairing (, ) induces 
a bijection between sections of ® 2 E C and endomorphisms of Eq, which associates an endomorphism 
Qti of E c with a section Q of ® 2 E C : 

n(u, v) = (n^u, v), w, v e t(e c ). 

The complex vector bundle Ec decomposes as the direct sum Lj © Lj = Lj © Lj, where we 
identify Lj and L* J} therefore, an endomorphism fr of Ec skew-symmetric w.r.t. the pairing (,) 
corresponds to a section fl of 

A 2 E c = A 2 Lj © (Lj A Lj) © A 2 L*j. (4.1) 

In particular, whenever f^(L}) = Lj and f2"(Lj) = 0, the components of Q in Lj A L} and A 2 L*j 
vanish. We can, therefore, consider Q to be a section of A 2 Lj. 

Lemma 4.1. (1) Let (I,J,K) be an almost hypercomplex structure on a Courant algebroid 
(E,p, (,),o). The endomorphism = I+ * K of Eq determines a section of A 2 Lj C A 2 E C 
and satisfies 

+ = - id Ec . (4.2) 
(2) Conversely, given an almost complex structure J on a Courant algebroid (E,p, (,),°) and 
a section Q of A 2 Lj C A 2 E C satisfying Q^lf + = -id Ec , the triple (i = + H\ J, 
K = (— — Q )J is an almost hypercomplex structure on E. 

Proof. (1) The fact that the bilinear form Q is skew-symmetric is a direct consequence of the 
skew-symmetry of /, K. Thus, Q is a section of 

A 2 E* C = A 2 Lj © (Lj A L*j) © A 2 L*j. 

Since fi» = and J swaps Lj and L}, we have fi a ( L j) = L J, &K l j) = °> ^*(Ar) = £j, and 

H fl (L}) = 0. Therefore, Q G T(A 2 Lj) and U G T(A 2 L}). Finally, we have 

^+*»=m(^)+(^)m^ 

(2) As G T(A 2 Lj), we have (fi») 2 = (H fl ) 2 = 0. It follows that I 2 = K 2 = frf + = -1. 
For all X G T(Lj), £ G T(L}), we have fi"X = 0, and = 0; consequently, we have 

IX = Tfx, I£ = KX = iTtx, = 

Thus, 

(IJ)(X + = HX - Hi = ilfx - in*£ = K(X + f )• 
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Therefore, we have K = IJ. The orthogonality of / with respect to the pairing (, ) follows from 

I 2 = — 1 and the skew- symmetry of / = Q» + Q , while, the orthogonality of K follows from the 
identity K = IJ. □ 

Remark 4.2. Equation (14. 2 j) means that —fl : Lj — > L} is the inverse map of fi" : L} — > Lj. 
Thus, Equation (14. 2 p can be regarded as a nondegeneracy condition on Q. 

The following lemma, which can easily be verified, will be needed later on. 

Lemma 4.3. Assume that (J, J, K) is an almost hypercomplex structure on a Courant algebroid 
and set Q* = |(J + iK). Then, 

(1) e G L*j if and only if Cl»e = Ie = iKe, 

(2) e G Lj if and only if Q e = Ie = —iKe. 

We are now ready to introduce the following definition. 

Definition 4.4. Let J be a complex structure on a Courant algebroid E. A holomorphic symplectic 
structure on E with respect to J is a section Q of A 2 Lj satisfying 

d L *tt = and frf + ffe = - id Ec . 

Given a hypercomplex triple (/, J,K), Lemma [3731 implies that Mi t j,Afj t K G r(A 3 i?*). We now 
extend A/},j and Afj t K C- linearly to 3-forms on E c . 

Lemma 4.5. Let (I, J, K) be a hypercomplex triple on a Courant algebroid (E,p, (,),o), and let 
£1 be the section of A 2 Lj defined by f2" = I+ ^r^ K , Then 



1 d L *tt- d L * tt 



1 d L} ft + d L »fi 

= - ^ ■ ( 44 ) 

Proo/. First, we note that A/}.j is a section of A 3 Lj © A 3 L} because (JV(J, </)(X, Y),£) = and 
(Af(I,J)(C,r)),X) = for all X,y G T{Lj) and £,77 G T(L}). Indeed, (j\f(I, J)(X, Y), f) = 
follows from 

AT(/, J)(x, y) = (i - o y + x o iy) - 2ii(x o y) g r(L}), 

and (jV(J, J){trf),X) = follows from 

AT(J, J)(e, 77) = H -■/)(!£ o 77 + £ o J77) + 2z/(£ o 77) G F(Lj). 
For all £, 77, C G we have 

(AT(J, J)(£, r/), C) = (H " "0(^ »7 + £ ^) + 2i/(^ ° ?/), C) 
= - 2i(/e ° V, - 2*(£ o I V , C) + 2z(J(£ o 77), C> = -2i(Q^ o V ,Q- m ° ^77, + o 77), C> 

= - 2i(2P(Q»£, r/), C) + 22(7; o n«f , C) - 2z(£ o n* v , + 2i(fi»(£ ° V), 

= - 2i P {Q 77) + 2^(77) c) - 2z<^£, ^ o - 2z P (0 (^77, + 2i(n\ e o + 2«<n«(£ o 77), 

= - 2ip(0tt(Z, 77) + 27 P (77)fi(e, C) - 27fi(£, *7 ° - 2ip(CMv, + 2ififa, £ ° C) + 2ifi(e ° V, 

= -2i(d £ .n)(e,77,c)- 

Now Equation (14. 3 j) holds, as A/j~7 = A//,j and L*j = Lj. 
The analogous relation 

1 d L . n + d L .fi 

- rA/V- 



4 J ' 2 
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can be proved in the same way. □ 

By Lemma 14.11 Lemma 14.51 and Theorem 13.141 we have the following theorem. 

Theorem 4.6. (1) If (I,J,K) is a hypercomplex triple on a Courant algebroid E, then the 
section f2 of A 2 Lj defined by f2" = I+ ^^ K is a holomorphic symplectic structure on E 
relative to the complex structure J. 
(2) Let J be a complex structure on a Courant algebroid E, and let Q G T(A 2 Lj) be a holo- 
morphic symplectic structure on E relative to the complex structure J. Then the triple 

(/ = f2" + ft , J, K = — z(fi" — Q )) is a hypercomplex structure on E. 

The pair of eigenbundles (Lj, Lj) of a complex structure J on a Courant algebroid constitutes a 
Lie bialgebroid; therefore, (T(A*Lj), [, ],££l*) is a differential graded Lie algebra, where [, ] denotes 
the Schouten bracket and di* denotes the Lie algebroid differential. 

Theorem 4.7. Let Lj and L*j denote the eigenbundles of a complex structure J on a Courant 

algebroid (E,p, (,),°), and let Q be a section of A 2 Lj C A 2 E C such that fl^fl + fl fi" = —1. The 
following assertions are equivalent: 

(1) [Q,Q] = 0, where [-, ■] stands for the Schouten bracket on T(A'Lj), 

(2) d L *n = o, 

(3) d L: n + l[n,n} = o. 

Theorem 14.71 follows from Theorem 14.61 Theorem I3.14[ Lemma 14.91 and Lemma 14.101 
To prove Lemma 14.91 and Lemma I4.10[ we need the following lemma, which is an application of 
Theorem 6.1 and Equations (23) and (24) in [11] in the case of the Lie bialgebroid (Lj, L*j). 

Lemma 4.8. Let L j and L*j denote the eigenbundles of a complex structure J on a Courant 
algebroid (E,p, (,),o) ; and let Q be a section of A 2 Lj: 

(1) The subbundle (1 + Vfi)L*j of Eq is involutive if and only if d^Vt + ^[Q,Q] = 0. 

(2) For all £, r, G T(L*j), we have (±[fi, «])«(£, 77) = ^(C^r,- C Qt ^ + d Lj (^ Q^)) - p^, fify]. 

Lemma 4.9. Given the same hypothesis as in Theorem \4-7\ we have 

m, v, = d^n^H, ^v, fi s O, V£, v , c g r(L}). 

Proof. According to Lemma [4. S\ for all £, rj, £ G T(L}), we have 

Set X = Y = fiUjy, and Z = fi s C Then we have X, Y, Z G T{Lj). And, by Lemma ESI we 
have £ = — Q?X, rj = — T$Y, ( = —dtz. Moreover, 

i[fi,fi](£,f7,C) = (CxStY - CyTtx + d Lj $tx,Y),Z) + {[X,Y},lfz) 
=p{X)Tl(Y, Z) - U(Y, [X, Z}) - p{Y)U{X, Z) + Q(X, [Y, Z\) + p(Z)U(X, Y) - Q([X, Y],Z) 
=d Lj U(X, y, Z) = d^Ti(X, Y, Z) 

=d^p(n i £,{1*7], 

This completes the proof. □ 

Lemma 4.10. Given the same hypothesis as in Theorem\l7\ set K = (-i)(^ - ST). We have 
Af(K,K) = if and only if d L »Sl + fi] = 0. 
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Proof. By assumption, we have f\f(J, J) = 0. By Lemma [4. 8[ the subbundle 

(l + n*)L*j = {Z + n*SeEc\teL*j} 

of E c is involutive if and only if d L} Q + = 0. Since L* K = ^L} and I£ = for all 

i e L*j (see Lemma US}, we have L* K = (1 + ^)L*j. Since the involutivity of L* K is equivalent to 
the vanishing of the Nijenhuis concomitant Af(K, K), the result follows. □ 

A complex structure J on Courant algebroid E is equivalent to a decomposition of Ec as a 
direct sum L © L of complex conjugate, maximal isotropic, involutive subbundles, namely the 
eigenbundles of J relative to the eigenvalues ±-\/— I (see [5]). 

Lemma 4.11. Let Lj, L*j be the eigenbundles of a complex structure J on a Courant algebroid E. 
Given Q £ r(A 2 Lj), the subbundle (1 + £$)L*j is the eigenbundle of a complex structure on E if 

and only if d,L* Q + |[f2,f2] = and Q — id^* is an invertible endomorphism of L*j. 

A holomorphic symplectic 2-form on a Courant algebroid can be interpreted in the light of 
Lemma ft.lll as a deformation of the given complex structure into a 2-dimensional sphere of complex 
structures (see also Proposition 13. 5p . 

Proposition 4.12. Let J be a complex structure on a Courant algebroid E and let Q £ T(A 2 Lj) be 
a holomorphic symplectic structure on E relative to J. Set I = + Q and K = — \J— l(fi" — Q ). 
Then, for any a, b £ R, the endomorphism j~^^a J + 14 J i +b i K + 1+ Jf +j|2 J a complex structure 
on E and (1 + (a + 1)^ ^ e subbundle associated with its eigenvalue — y— 1. 

Note that the map 

rtj A-a 2 -o 2 2a 2b \ 

V 1 + a 2 + b 2 1 + a 2 + 6 2 1 + a 2 + b 2 ) L J 

is the stereographic projection. 

Lj Lj 

Proof. Set / = fi a + and K = y/=l(£T - Then (/, J, X) is a hypercomplex structure on 

the Couran t alg ebroid E, and ^~° 2 ^2 jqj?K + l+a^+b 2 1 * s a com pl ex structure on E by 
Proposition 13.51 Since 

1 + al - bK \ f l-aI + bK \_ l-a 2 -b 2 2a 2b 

VTT^TF; \^l + a 2 + b 2 ) ~ l + a 2 + b 2 + l + a 2 + b 2 + 1 + a 2 + £> 2 ' (-) 

and 

1-aI + bK fl + al-bK 



VI + a 2 + b 2 KVT+aJTb 2 

it follows that J and \^~+b 2 + 1+ 2 2 a +fe2 ^ + 1+a 2 2 fe +fe2 / are conjugate endomorphisms of the Courant 
algebroid E and that ^==i=p maps L} to the eigenbundle of ^feg J+ 1+ 2 ° +fe2 K+ 1+ g +fe2 J. 

On the other hand, by Lemma 14. 3[ we have 

(1 + (a + frv 73 !)^ = f + afi s £ + ov 73 !^ = (1 + a/ - WT)£ 

for any element £ £ L}. 



Therefore, (1 + (a + OA/ 3 !)^)^ is the eigenbundle of jgfep ■/ + 1+a 2 2 a +b 2 + 1+ ^ +b 2 1 associated 
with the eigenvalue — V— 1- D 
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4.2. Holomorphic symplectic structures on T ©T*. Consider the complex structure 

'3 

-r 



j 



on the Courant algebroid T © T* associated with a complex manifold with complex structure j. 
Its eigenbundles are Lj = T 1 ' © (T 0,1 )* and L} = T 0,1 © (T 1,0 )*. Assume that Q G T(A 2 Lj) is a 
holomorphic symplectic structure on T © T* relatively to J. Since 

A 2 Lj = A'T 1 ' © (T 1,0 A (T ' 1 )*) © A^T ' 1 )*, 

Q decomposes asfi = 7r + + w where ?r G r(A 2 T 1,0 ), G T(T lfi A (T ' 1 )*) and w G r(A 2 (T ' 1 )*). 
Then fl^fl + f2 fi" = — 1 is equivalent to the following equations: 

^ + #% tt = 0; 7T%7 tt + e¥ = -1; 

w¥ + 0*0* = -1; w tt fl + 0%J* = 0. 



The condition c^.fi = is equivalent to 

Stt = 0; 86 = 0; = 0, 

as dj* = 8 in the present context. However, [Q,Q] = is equivalent to 

k,7r] = 0; M]=0; 
2[ir,cu] + [6,6] = 0; [0,w] = O. 

As a consequence, ir is necessarily a holomorphic Poisson structure on M. 
In conclusion, we have 

Proposition 4.13. Given a complex manifold with complex structure j , if it, 6, and u are sections 
of A 2 T 1 ' , T 1 ' A (T 0,1 )*, and A 2 (T ' 1 )* respectively, and satisfy the relations 

On = 0; 86 = 0; = 0, 

and 

n¥ + 6^ = 0; tt*u) 6 + d¥ = -1; 

wM + ^ = -l; u; s S + tt u; tt = O, 

t/ien f2 = 7r + + u;isa holomorphic symplectic structure on T © T* relative to J = ( jj ) , one? 
we /lave 

[7r,7r] = 0; [M]=0; 
2[7r,w] + [0,0] = 0; [0,w]=O. 
In particular, ix is necessarily a holomorphic Poisson structure. 

An extended Poisson structure on a complex manifold (with complex structure j) is an element 
f2 = ir + d + u of A 2 (T 1 '°ffi(T 0,1 )*) satisfying + ±[fi, fi] =0 (see [5]). If fi satisfies the additional 

algebraic condition fi^Q + Q fi" = —1, then f2 is holomorphic symplectic w.r.t. J = (jj _°») by 
Theorem 14.71 

This motivates the following definition. 

Definition 4.14. An extended symplectic structure on a complex manifold(M; j) is a holomorphic 
symplectic structure on the standard Courant algebroid T © T* relative to the complex structure 
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Example 4.15. If uj — tt — 0, the equations in Proposition 14.131 become 

Be = o and e¥ = -1. 

Setting i = 0* + B and fc = -v 7 ^!^ - ), we recover a (classical) hyper complex triple k) on 
the manifold (see Example I3.8j) . 

Example 4.16. If 9 = 0, the equations in Proposition 14.131 become 

7r = — (ZJ) _1 , = 0, Btt = 0, [7r, 7r] = and [uj, tt] = 0. 

Therefore, Q = uj + tt is a holomorphic symplectic structure on T © T* if and only if uj = —n^ 1 
is a holomorphic symplectic 2-form. Thus, we recover a holomorphic symplectic manifold (see 
Example EU). 

4.3. Hyper-Poisson structure. 

Definition 4.17 (p2]). Let (i, j, k) be a hypercomplex triple on a manifold M, and let ui,u)2, ui^ be 
three 2- forms on M. If + \/~ 1^3 is a holomorphic symplectic 2-form with respect to the complex 
structure i, o>3 + a/— lwi a holomorphic symplectic 2-form with respect to the complex structure j, 
and Wi + \/ — lu)2 a holomorphic symplectic 2-form with respect to the complex structure k, then 
(cjx, 0J2, 0J3) is a hyper- symplectic structure on M with respect to (i,j,k). 

Remark 4.18. Definition 14.171 is invariant under cyclic permutations of i,j, k and uix,U}2,U}^. 

The following definition is a natural generalization of hyper-symplectic structures in the Poisson 
context. 

Definition 4.19. Let (i,j,k) be a hypercomplex triple on a manifold M, and let 7^,7^, and tt^ 
be three bivector fields on M. If 112 — y/— l7r 3 is a holomorphic Poisson tensor with respect to 
the complex structure i, 7r 3 — \/— 1711 a holomorphic Poisson tensor with respect to the complex 
structure j, and ttx — y/ —1%2 a holomorphic Poisson tensor with respect to the complex structure 
k, then (7^, 7r 2 , 7r 3 ) is a hyper-Poisson structure on M with respect to (i,j,k). 

Theorem 4.20. The following assertions are equivalent to each other: 

(1) The triple (i,j,k) is a hypercomplex structure on M and (71"!, 7r 2 , 7r 3 ) is a hyper-Poisson 
structure with respect to k) satisfying ix\ = —271-3 = ~ 7V 3^* ■ 

(2) The triple I = (g^f*), J = (g °*), K — (glfc*) a hypercomplex structure on the 
standard Courant algebroid Tm © T^. 

(3) Having defined 9 G r(T 1 ' A(T ' 1 )*) (relatively to j) by 9$ = \(i + ^lk) andix G r(A 2 T 1 ' ) 
(relatively to j) by it = -(713 — their sum Q = 9 + tt is a holomorphic symplectic 
structure on the standard Courant algebroid Tm © T^ relative to the complex structure 

In order to prove Theorem I4.20[ we will make use of the following lemma or more precisely a 
corollary of it. 

Lemma 4.21 ([ID])- Let M be a complex manifold (with complex structure j). If tt\ and tt^ are 

two real bivector fields on M such that tt\ + \J — Itt^ is a holomorphic Poisson bivector field, then 

K = -j^x = -Kj and 

[7TA,7r A J = [7r M ,7T M J = f_7T\ , 7T^] = 0. 

Corollary 4.22. Given a hyper-Poisson structure (711,^2,713) on a manifold M with respect to a 
hypercomplex triple (i,j,k), we have 

(1) [7r a , TTfsJ = 0, for any a, (3 G {1,2, 3}; 



18 



WEI HONG AND MATHIEU STIENON 



(2) 4 = ztt" = 4 = j7T» = nir, 4 = k4 = 7r\k*; 

(3) i4 1 = -ttJz* = j4 = -Af = k A = -A k *- 

Therefore, if one among ix\, 7r 2 , and 7r 3 is invertible, then so are the other two. In this case, 
(t^i 1 , tt^ 1 , tt^ 1 ) is a hyper- symplectic structure on M and (i4 1 )~ l defines a pseudo-metric g on M. 
In particular, if g is positive definite, we obtain a hyper-Kahler structure on M . 

Proof of Theorem \4.20\ (1) =>- (2) Assume that (7Ti, tt 2 , 7t 3 ) is a hyper-Poisson structure on M 
with respect to a hypercomplex triple [i, j, k). As 7^3 + y/— l7r 2 = \/— l(7r 2 — \/~ 1^3) is a holomorphic 
Poisson structure with respect to the complex structure i, by Lemma [23| I = ( l Q ) is a complex 

structure on the standard Courant algebroid TM © T*M and 4 = = Similarly, 

K = ( IfcO is a complex structure on TM © T*M. It follows from Corollary that (J, J, if) 
is an almost hypercomplex structure on TM © T*M, and from Theorem 13.141 that (/, J,K) is a 
hypercomplex structure on TM © T*M. 

(2) <^> (3) The equivalence of (2) and (3) is a direct consequence of Theorem 14.61 and Proposi- 
tion EH 

(2) (1) Given a hypercomplex structure I = (J ),J = = ( J -fc* ) on the 

standard Courant algebroid E = TM © T*M, let G r(T 1 ' A (T 0,1 )*) and tt G r(A 2 T 1 ' ) be 
defined by 0" = \/— T/c) and 7r = |(7r 3 — \/— l7Ti). Then f2 = + 7r is a holomorphic symplectic 
form on T with respect to J = ( g •« ) , and, by Proposition 14.131 we have 

Be = Bn = 0, [tt, tt] = 0, [tt, 9} = 0, [9, 9} = 0, 9*9* = -1, tt^ + = 0. 

Thus, (i,j,k) is a hypercomplex structure on M by our discussion in Example 14.151 and 7r 3 — 
\/— l7i"i = 27T is a holomorphic Poisson structure with respect to j. As / = (q ) is a complex 
structure on E = TM ©T*M, by Lemma [279| 7r 2 — a/ - 1tt3 = ~~ \/~ l( 7r 3 + \/ — l" 71 ^) is a holomorphic 
Poisson structure with respect to the complex structure i, where 712 is defined by 4 2 = —i4 = 
— 7r 3 z*. And, 7Ti — y/— 1tt2 is a holomorphic Poisson structure with respect to /c, since if = " fc 7 ^ 1 J 
is a complex structure on E = TM © T*M and 4 = = ^3 n \ = k 4 = A k *- ^ 

Corollary 4.23. If (711,712, n^) is a hyper-Poisson structure on a smooth manifold M with respect 
to a hypercomplex structure (i,j,k), then tti, 7t 2 , and 7r 3 have the same symplectic leaves and each 
leaf is a hyper- symplectic manifold. 

Proof. As 4 = ~ A^* according to Theorem 14.201 it follows that 4 2 (T*M) = 7r|(T*M). Therefore, 
7r 2 and 7r 3 have the same symplectic foliations. Moreover, since 4 = ~™\-> suc h symplectic 
foliations are stable under i. Hence, each symplectic leaf of 7r 2 (and 7r 3 ) is a complex submanifold 
with respect to i. As the rule of tti, 7r 2 , 7r 3 is symmetric, the conclusion follows. □ 

5. Hypercomplex connection and Lagrangian Lie subalgebroid 
5.1. A basic study of hypercomplex connection. 

Lemma 5.1. Let (J, J, K) be a hypercomplex structure on a Courant algebroid (E, p, (, ), o) and let 
f2 G A 2 Lj denote the corresponding holomorphic symplectic form relative to J defined by f2" = I+ * K ■ 
For any X,Y, Z G T(Lj) and £, 77, ( G T(L*j), we have 

(1) V x e = ixd Lj {i) G r(L}) and V ? A = z^*(X) G r(Lj), 

(2) V X Y = -0(ix£yV) G T(Lj) and V ? r/ = -H^/^) G I\L}), 

(3) i? v (X, y)Z = and R v {£, r))( = 0, 

where V stands for the hypercomplex connection defined in Equation (I3.8p and i? v for its curvature. 
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Proof. (1) For all X, Y G r(L/), f G r(L}), by Equation (J33D, we have 

<Vx£, f) = (-^(C o x) + £(* + o jx), y) = -<£ o f), 

as J swaps Lj and L}, and as L} is involutive. Thus, 

(VxC, Y) = (-£ o X, Y) = (-2V(C, X) + X o F) 

= - p(F)(£, X) + p(X)<£, Y) -(£,XoY) = d Lj (0(X, Y), 

Now = i x d Lj (£ > ), as VJ = implies that V x £ e L}. 
Similarly, we have V^X = 2^^* (X). 

(2) First, V J = implies that V ? ?? G r(L}), Vf , 77 G T(L}). By Equation (ET8j) . we have 

= ~ J + ^ (77 o jo - 7? o g = -n 8 ^ o - v o e. 

As f2 s : L} — > Lj is the inverse of — Q : Lj — >■ L}, for all £, 77, ( G T(L}), we have 

fi(v 5 r/, = (77 o - ^ ° e, o = 0- 

Therefore, 

(v^)_<fi = £_.(£„«), (5.1) 

i.e. ^(V^) = i^jOjjQ). From Remark |4~2| Vg?7 = — follows. 
Similarly, we have V X Y = -Q^{t x C Y Tl) G F(Lj) for all X, Y G r(Lj). 

(3) For all £, 77, £ G T(L}), by Equation ( 15. ip . we have 

i? v (e, 77)c^ =(v c v,c - v,v 5 c - v K) „]C)-.n 

=e^ } (v r ,c^) - 77J^.(v e c^) - ie,^]^L*(c^) 

^J^M^C-^)) - 77^ L} (^L } (C^)) - lt,Vhd L .(CM) 

=tj£r,d L .{CM) - r]^d L *((M) - U,vhd L *(CM) 

=^jCr,-v^6-U,vh)dL^CM) 
=0. 

Thus, i? v (e,77)C = 0, Ve,77,CGr(L}). 

Similarly, i? v (X, Y)Z = 0, VX, F, Z G r(Lj). □ 

Proposition 5.2. Lei (I,J,K) be a hypercomplex structure on a Courant algebroid (E,p, (,),o) ; 
let V be the associated hypercomplex connection given in Equation (13.81) . and let Q G A 2 Lj be the 
symplectic form, holomorphic with respect to J, defined by = ^y^. The following assertions 
are equivalent to each other for any V G T(E): 

(1) W = 0; 

(2) d Ll (V + UV) = 0, d Lj (V + iJV) = 0, and d LK (V + iKV) = 0; 

(3) d Lj (V + iJV) = and C v+iJV Q = 0. 

(Here we consider V + HV as a section ofT(Lj), V + iJV as a section ofT(Lj), and V + iKV 
as a section ofT(L K ).) 

Proof. Set £ = V + UV, then f G T(L}). 

(1) =K2) Given W = 0, we have V£ = 0, as VJ = 0. By Lemma EH i x d Lj {0 = 
Vx£ = 0, for all X G T(Lj). As a consequence, dLj(V + iJV) = dijiC) — 0- Similarly, we have 
d Ll (V + UV) = and d Ll< (V + iKV) = 0. 

(2) =^(1) For any U G T(E), as U — iJU is a section of Lj, by Lemma [5.11 we have 

Vu-iJu(V + iJV) = i {U -iju)d L A0 = 0. 
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Since 

VU-iJU (V + UV) = (VuV + VjuJV) + i{V v JV - VjuV), 
and since V denned by Equation ( 13.81) is a real connection, we have VuJV = V jjjV '. Hence, by 

V J = 0, we have 

V JC/ y = Vu JV = JV V V. (5.2) 

Similarly, 

V m V = IV V V, V KU V = KV V V. (5.3) 
From Equations (15. 2p and (15.31) and identity VI = V J = VK = 0, we have 

KVuV = VuKV = VuUV = IVu(JV) = V W JV = JV W V = JIV V V = -KV V V. (5.4) 

Therefore, V V V = for all U G T(E), i.e. VV = 0. 

(1)=K3) As VV = and VJ = 0, we have V£ = 0. It follows from Lemma O that 

V x £ = ixd Lj (£) and = -n\i v C^) for all X G T(Lj) and 77 G T(L}). Thus, d Lj (£) = and 
C^Q = 0. 

(3)=^(1) Since ^Lj(0 = an d = 0; by Lemma IBTTl we have V£ = 0. As V is a real 
connection, we have = from V(V + % JV) = V£ = 0. □ 

Remark 5.3. In Proposition 15.21 (2) can be understood as the requirement that the vector field 

V be the common real component of three complex vector fields, which are holomorphic with 
respect to the complex structures /, J, and K respectively, whereas (3) can be understood as the 
requirement that V be the real component of a holomorphic symplectic vector field. 

5.2. The induced connections on Lagrangian Lie subalgebroids. 

Definition 5.4. Let (E,p, (,),°) be a Courant algebroid endowed with a complex structure J. 
Assume that Q G T(A 2 Lj) is a holomorphic symplectic structure on E relative to the complex 
structure J. A Lie subalgebroid of L} is said to be lagrangian if it is maximal isotropic with 
respect to Q. 

Theorem 5.5. Let (E,p, (,),°) be a Courant algebroid endowed with a complex structure J. As- 
sume that f2 G T(A 2 Lj) is holomorphic symplectic with respect to J, and set I — + fl and 

K = — i(Cr — fl ). Given a Lie subalgebroid L of Lj Lagrangian with respect to fl, the hyper- 
complex connection V defined by Equation (13.81) induces a torsion-free flat L-connection V\l on 
L. 

Proof. For all £, 77, £ G T(L), as L is involutive and isotropic with respect to fl, we have f2(£, () = 
f2(£, 77 o = 0(97 ° £, = 0- By Equation (15.11) . we have 

n(v $ ri, c) = (A^)(£, C) = p(vMS, C) - m v°0-n(r)o e, C) = 0. 

As L is a Lagrangian subalgebroid with respect to fl, we get V^n G T(L) for all £, 77 G T(L). 

On the other hand, for all £,77 G T(L), we have (£,77) = 0, (I£,rj) = (f2"£, 77) = f2(£, 77) = 0, 
{J£,yV) = — ^(£,77) = 0; an d {K£,v) = —ifflCiV) = ~~ ^(£,77) = 0- ^ follows from Equations (13. 1 j) . 
(13. 2p . (13.31) . and (I3.10P that V\l is a torsion-free L-connection on L and from Lemma I5TT1 that V|z, 
is flat. □ 

The following lemma, which demonstrates the relation between Dirac structures and Lagrangian 
Lie subalgebroids, is easy to verify. 

Lemma 5.6. Let (I,J,K) be a hypercomplex structure on a Courant algebroid (E,p, (,),o), and 
let fl G T(A 2 Lj) be the associated holomorphic symplectic form relative to J. If D is a Dirac 
subbundle of E stable under I , J, and K , then L = ^-^-D is a subalgebroid of L*j Lagrangian with 
respect to fl. 
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As consequences of Theorem 15.51 and Lemma 15.61 we consider the following two special cases. 

Let M be a complex manifold (with complex structure j), and let u be a holomorphic symplectic 
2-form on M. Set J = ( ~q •* ) (contrast Example I4.16P and Vt = u + it with ix = — (cj) _1 . As 
shown in Example 13.191 if S is a complex Lagrangian foliation, then D = Tg © Tg is a Dirac 
structure stable under /, J, and A. Hence, the Lie subalgebroid L = l+ ^^ J D = Tg'° © (Tg) ' 1 
of L*j = T 1,0 © (T 0,1 )* is Lagrangian with respect to Q = oj + ir according to Lemma 15.61 By 
Theorem I5.5[ the restriction of the hypercomplex connection V (defined by Equation (I3.8|) ) to L 
is a flat torsion-free connection that satisfies 

V X Y = uj-\i x d{u{Y))) G T(Tg'°), VA, Y G r(T^°). 

Thus, we recover the flat torsion- free connection obtained by Behrend & Fantechi in [2]. 

Corollary 5.7. Lei S be a complex Lagrangian foliation of a holomorphic symplectic manifold 
(M; j, u) . Then 

V X Y = uj-\i x d{u{Y))) G r(7j°), VA, Y G r(T]'°) 
defines a torsion-free flat T^' -connection on T^'°. 

Now we consider another special case. As in Example 14.151 consider a complex manifold M 
(with complex structure j), a holomorphic symplectic structure Q = 9 G Q 0,1 (T 1,0 ) on T © T* 
with respect to J = (jj °-«), and the associated hypercomplex triple (i,j,k) on A. As shown in 
Example 13.181 if S is a hypercomplex foliation, then D = T$® T$ is a Dirac structure stable under 
J, J, and A. Hence, the Lie subalgebroid L = l+V ^ J D = T°' x © (T^) 1,0 of L} = T 0,1 © (T 1,0 )* 
is Lagrangian with respect to f2 = according to Lemma 15.61 By Theorem 15. 5[ the restriction of 
the hypercomplex connection V (defined by Equation (13.81) ) to L is a flat torsion-free connection 
that satisfies 

V Y Y=-9^d(e(Y)))eT(T°/) 1 VX,Yer(T /). (5.5) 
If we consider the conjugation of Equation (15. 5p . then we get the following corollary. 

Corollary 5.8. Let S be a hypercomplex foliation on a hypercomplex manifold (M; i, j, k), and let 
6 G fi°' 1 (T 1 ' ) (relatively to j) be defined by $ = \{i + v^Tfc). Then 

w x y = -e(i x d(9(Y))) g r(T<5'°), va, y g r(rJ-°) 

defines a torsion-free flat Tg° -connection on T<1' . 
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